Entanglement is known to be a relative notion, defined with respect to the choice of physical observables to be measured (i.e., the measurement setup used). This implies that, in general, the same state can be both separable and entangled for different measurement setups, but this does not exclude the existence of states which are separable (or entangled) for all possible setups. We show that for systems of bosonic particles there indeed exist such universally separable states: they are i.i.d. pure states. In contrast, there is no such state for fermionic systems with a few exceptional cases. We also find that none of the fermionic and bosonic systems admits universally entangled states.
I. INTRODUCTION
Quantum entanglement is a crucial trait of quantum mechanics: it yields correlation in measurement outcomes that cannot be emulated by classical (local realistic) theories [1] . Arguably, entanglement has been one of the most important subjects of study in quantum information science over the last decades, where it serves as an indispensable resource for implementing quantum algorithms and protocols [2] .
There are mainly two lines of thoughts to characterize the entanglement: One is a structural description based on the formal tensor product structure of the state space of a given composite system. In this description, pure states are entangled if it cannot be written as a product state [3] . The other is a phenomenological description based on correlations. Pure states are entangled if they exhibit non-trivial correlation in measurement outcomes of mutually distinct and simultaneously measurable physical quantities [4, 5] .
These two approaches are consistent as far as we consider distinguishable particles, but apparent inconsistency emerges when we consider identical particles [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Namely, for systems of identical particles, there are some states which are entangled according to the former approach while they are not according to the latter. The trouble stems from the fact that, even though the quantum states of identical particles are necessarily either symmetric for bosons or antisymmetric for fermions under the exchange of particles, this formal non-product structure does not imply nontrivial correlation in the measurement outcomes. This is a problem that cannot be dismissed, because most of the actual systems whose states have been realized as entangled are made of identical particles, whether they be photons, electrons or some other particles. The qubit devises which are currently envisaged to carry out quantum computation are mostly designed by means of identical particles.
In our recent work [17, 18] , we presented a convenient scheme of entanglement which dissolves the apparent inconsistency in the previous approaches. The idea is that, since the latter of the two approaches defines the entanglement relative to the choice of the physical quantities to be measured, or the measurement setup in short, that choice can be used to provide the tensor product structure needed in the former for examining the entanglement. The judgments of entanglement in the two are now reconciled and made consistent even for systems of identical particles.
Once this relative nature of entanglement is taken into account properly, the following question arises: are there quantum states which are non-entangled for all possible measurement setups? If there are, such states embody non-entanglement in an absolute sense, and we call them universally separable. Conversely, if there are quantum states which are entangled for all possible measurement setups, we may call them universally entangled. This question is important, not just because the answer may suggest some novel notion of intrinsic entanglement that is independent of measurement setups, but also because it should be useful in preparing entangled states which are robust against measurement perturbations. In fact, a partial answer to the question has been already given [18] : independently and identically distributed (i.i.d.) pure states (defined in Section II) are universally separable.
In this article, we provide a complete answer to this question. We present it in three theorems. Theorem 1, which is essentially a no-go theorem, states that no pure states of N fermions are universally separable unless the dimensionality n of the constituent system is too small n ≤ N + 1 to accommodate sufficient distinctive states when it is built into the composite system. In contrast, Theorem 2 tells us that all pure states N bosons are universally separable for n ≤ 3, and that for n ≥ 4 the states are universally separable if and only if they are i.i.d. pure states. Theorem 3 then gives another no-go theorem, which shows that there are no universally entangled states in both the fermionic and bosonic systems. This paper is organized as follows. In Section II, we re-call briefly our scheme of entanglement [18] and provide prerequisites for our arguments. Section III deals with fermionic systems and proves Theorem 1. Similarly, Section IV deals with bosonic systems and proves Theorem 2. Theorem 3 is then treated in Section V. Our conclusion and discussions are given in Section VI. Section III and Section IV are mostly devoted to the proofs of the theorems, and readers who are uninterested in the technical details may skip these except for the statements of the two theorems presented in the beginning of the sections.
II. SEPARABILITY AND ENTANGLEMENT RELATIVE TO MEASUREMENT SETUPS

A. Preliminaries
In this section, we outline our scheme of entanglement for systems of identical particles [17, 18] . Our system of interest consists of N identical particles which are either bosons or fermions. Let H i be the Hilbert space of the ith constituent particle of the system with dimension n: H i = C n for i = 1, 2, . . . , N . To take account of the identical nature of the particles, we introduce the symmetrizer S for bosons and the antisymmetrizer A for fermions defined by
Here, S N is the symmetric group associated with the permutation i → σ(i) of the particles i = 1, . . . , N , which is represented by the unitary operator π σ in the tensor product Hilbert space
More precisely, the unitary operator π σ acts on the vector in
for state vectors |ψ j i ∈ H i . In what follows, as we have done in Eq. (1), we always arrange the one-particle states in any tensor product in the increasing order of the label of the constituent Hilbert space from the left to the right. With this ordering convention, one can dispense with the label which refers to the constituent Hilbert space, allowing one to write the one-particle state simply as |ψ j instead of |ψ j i .
The total Hilbert space of the system is thus given by
Schematic diagram of spaces introduced for examination of entanglement. Given a pair (Γ, V ), one can find in the total Hilbert space HX the subspace HX (Γ, V ) which is unitarily equivalent to the space H mes (Γ, V ) describing the measurement results under the map X .
Next, we furnish a structure which defines the entanglement with respect to the choice of measurement setups. This additional structure consists of two ingredients. One is how the total system breaks into subsystems, which is taken care of a partition of the system of N particles, namely, a set Γ = {Γ k } s k=1 consisting of elements which are mutually exclusive (Γ i ∩ Γ j = ∅ for i = j) and exhaustive s k=1 Γ k = {1, 2, . . . , N } in the total system. The other is how these subsystems can be separately measured, which is dealt with an orthogonal decomposition of the one-particle Hilbert space C n , namely, a set V = {V k } s k=1 of orthogonal subspaces V k such that
Note that we have left the possibility of the case where the direct sum s k=1 V k may not comprise the entire oneparticle Hilbert space C n . The set of orthogonal subspaces is meant here for describing the situation where the states of the N particles are measured by s remotely separated apparatuses labeled by k = 1, . . . , s. If one measures the states of |Γ k | particles in the subset Γ k with the apparatus k for which the subspace V k is allocated, then the corresponding Hilbert space for the subset Γ k reads
The pairwise orthogonality of V k is important to make distinctions among the particles belonging to different subsets, which is usually fulfilled by the locality of the measurement apparatuses. By combining all the subspaces (3), one can construct the Hilbert space of measurable states for the entire N particles as
Note that H X (Γ, V ) is a subspace of H X in (2), but this is sufficient for our purpose because those states which belong to the orthogonal complement of H X (Γ, V ) in H X cannot be detected by the apparatus in the measurement setup specified by the pair (Γ, V ) and hence can be safely ignored. We also note that with
one can show [18] that the map X : H mes (Γ, V ) → H X (Γ, V ) is unitary, and obviously by the inverse map
up to normalization. This shows that the two spaces, H X (Γ, V ) and H mes (Γ, V ), are isomorphic. The point is that the latter space H mes (Γ, V ) is equipped with a tensor product structure which can be used to decide entanglement of the state in H X (Γ, V ) (see Fig. 1 ).
To be more explicit, our procedure of examining entanglement with respect to the measurement setup specified by (Γ, V ) consists of the following four steps [18] :
1. Given a state |Ψ ∈ H X , we project it onto the subspace H X (Γ, V ) and denote it as |Ψ(Γ, V ) .
2. We then convert the state |Ψ(Γ, V ) from H X (Γ, V ) to H mes (Γ, V ) by (4) and denote it as |Ψ mes .
3. Based on the tensor product structure of H mes (Γ, V ), we determine whether the state |Ψ mes is entangled or not by the standard definition of entanglement available for distinguishable particles.
4. Since |Ψ and |Ψ(Γ, V ) are indistinguishable in our measurement setup, we can identify the entanglement of |Ψ(Γ, V ) with that of |Ψ .
A similar argument is possible also for mixed states for which the restriction and the unitary map can be generalized straightforwardly.
B. Universal Separability and i.i.d. States
As shown in Section II A, the entanglement of the identical particle systems depends on the choice of the pair (Γ, V ), that is, how to measure the state we are given. Thus it is curious to know, under what choice of measurement setup, a given state becomes entangled or unentangled. Concerning this, the first question one addresses will be if there is a special state which cannot be made entangled under any choice of measurement setup. For this, it is convenient to introduce:
A simple example of USEP states is provided by independently and identically distributed (i.i.d.) pure states, which are the states that can be written as
with some |φ ∈ C n . Note that, being symmetric states, i.i.d. states are allowed only for bosonic systems.
To examine if the i.i.d. states are indeed USEP, let us apply our entanglement criterion to the i.i.d. state. Given a pair (Γ, V ), the projected state |Ψ(Γ, V ) of the i.i.d. state |Ψ is given by
where 
We then find that an i.i.d. pure state is a separable state for any (Γ, V ), implying that they are USEP as announced. Do these i.i.d. pure states exhaust all possible USEP states in the bosonic case? How about the USEP in the fermionic case? These are the questions we address and answer in the following sections. We begin by the fermionic case first, as it is simpler.
III. UNIVERSALLY SEPARABLE STATES IN FERMIONIC SYSTEMS
We first consider fermionic systems to pin down what USEP states are. Specifically, we prove:
Theorem 1 For N -partite fermionic systems for which the constituent Hilbert space is C n , we have 1. For n ≤ N + 1, all pure states are USEP.
2. For n ≥ N + 2, no pure states are USEP.
Before proceeding, we outline the basic idea of our proof. The first statement, hereafter called case 1, is more or less trivial and straightforward to prove. For this we just show that the dimension of H A (Γ, V ), which is regarded as the total Hilbert space under the measurement setup (Γ, V ), is too small to accommodate any entangled states. In contrast, the second statement (case 2) is quite nontrivial and important. According to the definition of USEP, such a state |Ψ(Γ, V ) must be separable for arbitrary (Γ, V ). With each (Γ, V ) chosen, this leads to some restrictions to the state |Ψ , and by varying the choice of (Γ, V ) we can show that |Ψ = 0, completing the proof.
Proof of Case 1 of Theorem 1. To begin with, we note that since two fermions cannot occupy an identical state, we have dim V i ≥ |Γ i | for all i, which leads to
From the condition n ≤ N + 1 of the present case, we observe dim V i = |Γ i | for all i except possibly for one element. We can label i = s for such an exceptional subsystem without losing generality. This implies that dim H A (Γ i , V i ) = 1 at least for i ∈ {1, 2, . . . , s − 1}. The orthogonality V i ⊥ V j for i = j allows us to choose an orthonormal basis {|e i } n i=1 in H c such that
where we have introduced α i which are recursively defined by α i+1 = α i +|Γ i | with the initial condition α 1 = 0. Then, by construction, H A (Γ i , V i ) contains only a single state,
for i ∈ {1, 2, . . . , s − 1}, up to an overall constant. It follows that any state |Ψ(Γ, V ) takes the form of a separable state,
with some state |ψ s ∈ H A (Γ s , V s ). Since this argument is independent of the choice of (Γ, V ), we learn that |Ψ is USEP.
To prove case 2, we first show:
Lemma 1 For N = 2 and n ≥ N + 2 = 4, there exists no fermionic USEP state.
Proof. We prove this by reductio ad absurdum. Suppose that a state |Ψ ∈ H A is USEP. On the one hand, by using an orthonormal basis
On the other hand, it follows from Slater decomposition [9, 19] that |Ψ is written as
by using complex number z i ∈ C and an appropriate orthonormal basis {|e
. Now, we choose Γ and V such that Γ = {Γ 1 , Γ 2 } with Γ 1 = {1} and Γ 2 = {2},
Then we find
where κ = 2/(|z 1 | 2 + |z 2 | 2 ) is the normalization constant. Since |Ψ is supposed to be USEP, we obtain
Next, we choose
where
By using A |e
We then find
which is an entangled state. This contradicts the universal separability of |Ψ . The same argument holds when z 1 = 0. Armed with this lemma, we now finish our proof of Theorem 1. Proof of Case 2 of Theorem 1. We again prove this by reductio ad absurdum. Suppose that a normalized state |Ψ ∈ H A is USEP. By using an orthonormal basis
Without loss of generality, we set Ψ 12···N = 0 by renaming the basis vectors. Further we set Γ = {Γ 1 , Γ 2 } and V = {V 1 , V 2 } to Γ 1 = {1, 2} and Γ 2 = {3, 4, · · · , N }, and
and
respectively. From the universal separability, |Ψ(Γ, V ) must be of the form,
where √ M is the normalization constant and
with which |ψ 1 (Γ ′ , V ′ ) Γ1 becomes an entangled state. This implies that by the choice of the pair (Γ ′′ , V ′′ ) with
the state |Ψ(Γ ′′ , V ′′ ) becomes entangled. This invalidates the assumption made at the beginning.
IV. UNIVERSALLY SEPARABLE STATES IN BOSONIC SYSTEMS
Now we return to the bosonic systems and consider whether the converse of the statement in Section II B holds, that is, whether the universal separability implies the i.i.d. property. We shall see that this is indeed the case except for systems with n ≤ 3. In what follows, we shall prove this in a way similar to Section III. For case 1, we will show that for any choice of (Γ, V ), the state |Ψ(Γ, V ) takes the form of Eq. (5), meaning the separability. The proof of case 2 is technically involved and requires several lemmata and propositions before completing it. Basically, the argument consists of three steps. In the first step, we show that we can choose an appropriate basis on which all the coefficients of a four-partite state become nonzero. In the second step, we prove that a USEP state is always an i.i.d. state when n = 4. In the last step, we extend this result to the general cases.
A. Case 1: n ≤ 3
Proof of Case 1 of Theorem 2. We consider whether a bosonic state |Ψ is separable into s subsystems. Since dim V i is no less than 1 for i ∈ {1, 2, . . . , s}, the dimension of the constituent space, n = dim H i , must be no less than s. Besides, the number of the subsystems must be s ≥ 2 to allow for entanglement between the subsystems.
Obviously
In the former case, we can write V i as span{|e i } by choosing appropriate {|e i }. It is clear that the only nonzero state in H S (Γ, V ) is √ M S i |e i ⊗|Γi| . This state is separable.
In the latter case, as we did before we let i = 2 be this exceptional subsystem without loss of generality. Namely, we assume dim V 1 = 1, dim V 2 = 2. We write V 1 and V 2 as span{|e 1 } and span{|e 2 , |e 3 }, respectively. Then by construction, with some |ψ ∈ H S (Γ 2 , V 2 ), any state |Ψ(Γ, V ) takes the form,
which is clearly separable with respect to (Γ, V ). Since this argument is independent of the choice of (Γ, V ), we see that all pure states are USEP. In passing we mention that the above argument can actually be employed to prove the statement even for n > 3 if n = s or n = s + 1.
B. Case 2: n ≥ 4
We have already proven that all i.i. where Ψ l1,l2,l3,l4 ∈ C and the summation is subject to the condition,
We then wish to show:
Lemma 2 Given a USEP state |Ψ , there exists a basis of C 4 such that Ψ l1,l2,l3,l4 = 0 for all l 1 , l 2 , l 3 , l 4 in Eq. (7).
To prove this, we need the following two lemmata.
Lemma 3
If |Ψ is USEP, there exist two complex numbers a l1,l2 and b l3,l4 which satisfy Ψ l1,l2,l3,l4 = a l1,l2 b l3,l4
Proof. We choose V = {V 1 , V 2 } such that
and Γ(i) = {Γ 1 (i), Γ 2 (i)} such that Γ 1 (i) = {1, · · · , i} and Γ 2 (i) = {i + 1, · · · , N } (9) for i = 1, 2, . . . , N − 1. Since |Ψ is USEP, its observable part |Ψ(Γ(i), V ) must be separable. It follows that there exist a(i) l1,l2 and b(i) l3,l4 with which we have
where the summation is subject to the conditions,
On the other hand, since C 4 = V 1 ⊕ V 2 , we have
This means that any USEP state |Ψ ∈ H S takes the form
Note that the states appearing in the RHS of Eq. (11) are not normalized, and hereafter we shall not necessarily be concerned with normalization for simplicity. By introducing formal coefficients
Eq. (11) can be rewritten as
with the summation condition (10), which implies the statement of Lemma 3. When we change Eq.(8) in Lemma 3 as
we obtain c l1,l3 and d l2,l4 , such that
The next lemma ensures that Ψ l1,l2,l3,l4 = 0.
Lemma 4 Consider the set of states |Φ p = 0 for p = 1, . . . , N given by
Then there exists a unitary transformation U ∈ U(2) ⊂ U(4) such that the states |Φ p become
Proof. Let us parameterize U as
and express a ′ l1,l2 explicitly in terms of the parameters as
where i j is the binomial coefficient and 0
such that a l1,l2 = 0. Then we may interpret a ′ l1,l2 as a polynomial of ξ, ξ * , η, η * with a finite degree. The dimension of the parameter space of ξ and η which satisfies a ′ l1,l2 = 0 is less than the original one. Because of their dimensionality, the union of the parameter spaces with a ′ l1,l2 = 0 cannot cover the original one. This means that there always exists a pair such that a ′ l1,l2 = 0 for all l 1 , l 2 simultaneously. Now we have: Proof of Lemma 2. Since |Ψ is nonzero, there exists l 1 ,l 2 ,l 3 ,l 4 such that Ψl 1,l2,l3 ,l4 = 0. Then, from Lemma 3 and the universal separability of |Ψ , we find al 1,l2 = 0 and bl 3,l4 = 0. According to Lemma 4, we can choose a basis in which the following coefficients become nonvanishing,
where we have introduced
Further, from Eq. (12), we find
which means that for all k and l, there exists at least one nonzero term in the following state;
⊗l .
Recall that Lemma 4 assures us a basis in which we have
Since there are three independent parameters k, l, m, the four indices of c ′′ l1,l3 = 0 and d ′′ l2,l4 = 0 freely run from 0 to N under the condition (7). Thus, by working with this basis, all components Ψ ′′ l1,l2,l3,l4 are nonzero, which completes the proof.
According to Lemma 2, no generality is lost by assuming Ψ l1,l2,l3,l4 = 0 for all {l i } 4 i=1 . Now, we proceed to the second step, where we shall show the following proposition.
Proposition 1 For n = 4, a bosonic pure state is USEP if and only if it is an i.i.d. pure state.
To prove this, we need:
Lemma 5 For n = 4, any USEP state |Ψ can be written as
. (13) Proof. Using U ∈ U(4), we can construct a family of orthogonal subspaces
From the universal separability, |Ψ is separable under (Γ(i), V ′ (U )) for any i and U , where Γ(i) is that defined in Eq. (9) . The operator U ∈ U(4) can be parameterized as
with M kl and M ′ kl being generators whose components are given by
where δ kα is the Kronecker delta. Setting ǫ ij = ǫ ′ ij = 0 except infinitesimal ǫ 13 and ǫ ′ 13 , we obtain
where we introduced ǫ = ǫ 13 + iǫ ′ 13 and its complex conjugate ǫ * . In terms of the old components Ψ l1,l2,l3,l4 = a l1,l2 b l3,l4 , the new components Ψ ′ l1,l2,l3,l4 are rewritten as Ψ ′ l1,l2,l3,l4 = Ψ l1,l2,l3,l4
On the other hand, it follows from Lemma 3 and the universal separability of |Ψ that there exist a ′ l1,l2 and b
Hence, the ratio Ψ ′ l1,l2,l3,l4 /Ψ ′ l ′ 1 ,l ′ 2 ,l3,l4 must be independent of l 3 and l 4 . We can rewrite this ratio as
Since X and Y are independent of l 3 and l 4 , we obtain
The similar argument for infinitesimal ǫ 24 and ǫ ′ 24 gives
where (14), we find
Similarly, setting l
.
Combining these two, we find
We solve this recursion relation to obtain
Hence, we arrive at l1,l2
An analogous argument leads to l3,l4
Replacing the indices and combining them, we obtain Eq. (13), which completes the proof. Now we can provide: Proof of Proposition 1. Repeating a similar argument of Lemma 5 by exchanging |e 2 and |e 3 , we find that there exists c l1,
, where c 0,0 = d 0,0 = 0. Thus the coefficient Ψ l1,l2,l3,l4 admits two different expressions. Equating these two for Ψ l1,0,l3,0 , we find
where we have used l 1 + l 3 = N . Plugging Eq. (16) into Eq. (13), we find
which is an i.i.d. pure state.
In the third step, we generalize Proposition 1 to the case n ≥ 4 by induction using Proposition 1 as the initial condition. Namely, we wish to show: Proposition 2 Let q ≥ 4 be an integer. If for n = q the statement that a bosonic pure state is USEP if and only if it is an i.i.d. pure state is true, then it is also true for n = q + 1.
Before proving this, we recall that any state |Ψ ∈ H S = [(C n+1 ) ⊗N ] S can be written as
by using y j (i) ∈ C and an appropriate vector |Ψ(i, j) ∈ V (i)
, where V (i) = span{|e j } j =i uses an orthonormal basis
. This expression is quite useful since the following holds.
. Then there exists a pair (Γ ′ , V ′ ) such that the observable part |Ψ(i, j)(Γ ′ , V ′ ) cannot be written by a symmetrized single term. Here, Γ ′ is a partition of the number N − j and V ′ is a decomposition of V (i) into subspaces which are orthogonal to one another. Now, a pair (Γ, V ) is given by
Then the measurable part |Ψ(Γ, V ) is found to
of the property of |Ψ(i, j)(Γ ′ , V ′ ) mentioned above, |Ψ(Γ, V ) cannot be written by a symmetrized single term. Since this contradicts with the assumption we started with, we conclude that |Ψ is USEP in
. From the assumption of induction posed in Proposition 2 and Lemma 6, we have for n = q,
Comparing the coefficients of |Ψ for different i, we reach
Lemma 7
The coefficients x kj (i) can be chosen in such a way that they are independent of j.
Proof. For simplicity, we take an integerī and consider the case i =ī. We will show that x kj (ī) is independent of j. This statement holds for any integerī, and hence we prove the lemma 7.
If the coefficients x kj (ī), y j (ī) satisfy x kj (ī)y j (ī) = 0 for all j, k such that 1 ≤ j ≤ N, 0 ≤ k ≤ N − j, then we may redefine the coefficients so that y j (ī) = 0 for 1 ≤ j ≤ N . Then the state |Ψ becomes |Ψ(ī, 0) , which is i.i.d.
Next, we consider the case that there existk andj, such that xkj(ī)yj(ī) = 0. First, recall that the decomposition (17) depends on the index i. Thus we have
where i =k and i =ī. Comparing the coefficients of S |ek ⊗(N −j) |eī ⊗j for all i such that i =k, i =ī, we find
This means xk 0 (i) = 0 and xī 0 (i) = 0. Similarly, comparing the coefficients of S |ek ⊗(N −j) |eī ⊗j for all j such that 0 ≤ j ≤ N , we find
This means xk j (ī) = 0, y j (ī) = 0 for all j.
Since xk j (ī) and y j (ī) are nonzero, we have a well-defined ratio between the coefficients of S |ek ⊗(N −j) |eī ⊗j and S |ek ⊗(N −j−1) |e k ′ |eī ⊗j for i =ī and i = k ′′ , wherek, k ′ , k ′′ ,ī are different from each other. Since these coefficients are rewritten as
we obtain the ratio,
Since we can choose j, k ′ , k ′′ freely, this equation means that the ratio of coefficients, x k ′ j (ī)/xk j (ī), is independent of j for all k ′ . Thus, setting z k ′ (ī) = x k ′ j (ī)/xk j (ī) and w j (ī) = xk j y j (ī), we can rewrite |Ψ as
is given through
Using the same argument, we can show that this equation holds for allī. With these, we provide: Proof of Proposition 2. According to Lemma 7, the state |Ψ can be written as
If the coefficients z k (n + 1)w j (n + 1) = 0 for all j, k such that 1 ≤ j ≤ N and 1 ≤ k ≤n, the state |Ψ becomes i.i.d. We turn to the case that there existk,j, such that zk(n + 1)wj(n + 1) = 0. Comparing the coefficients of
This means zk(n) = 0 and zn +1 (n) = 0. Further comparing the coefficients of S |ek ⊗(N −j) |en +1 ⊗j , we have
Substituting this expression of w j (n + 1) into the Eq. (18), we obtain
as required. This allows us to complete our proof. Proof of Case 2 of Theorem 2. Combining Proposition 1 and 2, we learn that the statement of case 2 holds by induction.
V. NO UNIVERSALLY ENTANGLED STATES
So far, we have considered only USEP states, but the opposite extreme case may also be worth studying. Namely, we are interested in the existence of states which are entangled for any choice of measurement setups. Analogously to USEP states, we introduce:
Unlike USEP, however, the notion of UENT states is actually useless because of the following no-go theorem:
Theorem 3 There exists no UENT states for both bosonic and fermionic systems.
Proof. First, we consider the fermionic case. Given a basis {|e j }, any fermionic state |Ψ ∈ H A can be written as Eq. (6) . Let us relabel the basis vectors so that Ψ 12···N = 0. If we then choose (Γ, V ) as
for k = 1, 2, . . . , N , we find that the projected state reads
Next, we consider the bosonic case. Similarly to the fermionic case, any state |Ψ ∈ H S can be expanded with a basis {|e i } as
Let Ψ i1i2...iN = 0 be a nonvanishing coefficient for an integer set i 1 ≤ i 2 ≤ · · · ≤ i N . In general, the integer set could be degenerate in the sense that
. . . i g1+···+gs−1+1 = . . . = i g1+···+gs , where s and g 1 , . . . , g s are positive integers such that g 1 + · · · + g s = N . By introducing G i = i k=1 g k , we may relabel the basis vectors to replace i G k with k. Now we choose (Γ, V ) as
where G 0 = 0 and k = 1, . . . , s. Then we find |Ψ(Γ, V ) = √ M S k |e k ⊗g k , which is separable. This theorem shows that, whatever the state is, we can always find a measurement setup which cannot observe quantum correlation inherent to entanglement. In other words, with respect to that measurement setup, the state is not entangled.
VI. CONCLUSION AND DISCUSSIONS
In order to discuss entanglement in identical particle systems, we need to introduce a coherent scheme in which the indistinguishability of the particles is taken into account properly. Our scheme proposed earlier [18] and used here is one that meets this requirement. One of the features of our scheme is that entanglement of a given state is not determined by the state alone, but also by the measurement setup prepared to observe the correlations furnished by the state. For instance, it is possible that an identical state can be regarded as separable and at the same time entangled depending on the measurement setup used. In view of this relative nature of entanglement, we asked the question if there exist universally separable states, i.e., those which are separable for any measurement setups, and if so, what they are. A similar question applies to the other extreme case of universally entangled states.
For fermionic systems, the answer to the former question is found to be quite simple: except for some lower dimensional cases, there exist no such universally separable states (Theorem 1). For bosonic systems, the answer is intriguing: apart from some lower dimensional cases, there do exist such universally separable states, which are given exclusively by i.i.d. pure states: no other states can be universally separable (Theorem 2). We also learned that the universally entangled state does not exist both in fermionic and bosonic systems, irrespective of the dimension of the one-particle Hilbert space (Theorem 3). We note that these results were obtained upon the assumption that the entire class of measurement setups is specified by the pair (Γ, V ). Since a possibility of more general measurement setups has been mentioned earlier [15, 20] , our results may require some revision if our scheme is extended to accommodate such generalization. Theorem 1 suggests that i.i.d. pure states occupy a privileged position in the context of entanglement in identical particle systems. Note that these i.i.d. pure states belong to a special class of i.i.d. distributions (or mixed states). Whereas the latter are generically classical and easily generated, the former are hard to generate. One way to generate the former is to realize a Bose-Einstein condensation of non-interacting particles whose ground state is unique in zero temperature regime. This indicates that, in generic situations, all the states of identical particle systems are basically entangled under some appropriate measurement setup.
